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HATIOJUX. ADVISORY COMMITTEE TOR ASROMJTICS 

raCHHICAL NOTE HO. 13ol 

DEFORMATION AHALYSIS OF WING STRUCTURES 

By ?oul Kuhn 

SUMMARY 

Tha elementary theories of 'bending and torsion often do not 
describe the stressee in aircraft shell ctructuroB vith adequate 
accuracy; more refinod. ntress theories have therefore been devuloped 
over a period of y.iara. Theorie!" of Ulis nature are applied to tho 
problem of calculating the deflections, particularly of vines. 
Bonding as "ell as torsion«! deflections aro discussed for vings 
•without or vith cut-out». Whonever convenient, tho formulas ore 
given in such a form that thay yield, corrections to ha added to the 
deflections calculated by moans of the elementary theories. Examples 
shov that the deflection corrections usually aro quits small; very 
Dimple approximation fornuluB are therefore adeqx\ate for ^.oaign 
purposes when conventional structures under u. reasonably uniform 
loading ere being considered. 

M 

urmoDücnoii 

The elementary theories of bending and torsion are ofton not 
sufficiently accurate for deturraining tho Btsreaaoa in airplane wings. 
The bending stresses or..- modified by shea;- lap and the torsion 
stresses, by the no-called bonding stresooc due to torsion. Wi'.lo 
an appreciable amount of litersture exicstB on these subjects, little 
attention has beon given to the resulting effects on the bending or 
toralonal doflections. This relative laclc of attention was not 
accidental. The deviations of the Etresssa from those.predicted by 
the elementary thuorlos arc local, and IOCRI disturbances ore leveled 
off by the integration processes neceBBary to calculate dofloctions. 
The deviations of the deflections from those proticted by tho elemen- 
tary theories aro therefore much smallnr than tho otre.'ifi deviations, 
and thiB fact, together with the fact that deflections wore only of 
subordinate interest in tho past, accounts for the small amount of 
attention givnn to deflection calculation*;. Hovevnr, tiie rapidly 
increasing importance of deflection calculations makes it desireblo 
to give Boiao diocussion of the probltas. 
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SYMBOLS 

A uniform system of symbols Is used herein to cover torsion as 
veil as bending problems. Sens of the symbols differ, therefore, 
from those used In the references. Particular attention 1B called, 
to the fact that the symbol b denotes the full vidth of the box, 
vhereas It denoted the half-width of the box in all the references 
dealing with shear lag. 

a       length of bay 

b width of box beam 

c width of net section alongside cut-out (coaming stringer 
to corner flange) 

d half-longth of cut-out; half-length of carry-through bey 

f fractions defined by equation (15) 

h depth of box beam 

hy depth of front spar 

hg depth of rear spar 

k torque-division factor (fraction of torque carried by 
shear webs in cut-out bay) 

n order number of any station or bay 

p, q coefficients used in torsion-bending analysis (appendix A) 

r order number of root station or bay 

q shear flow (shear force per inch run) 

t thickness of sheet (when used wittiout subscript denotes 
thickness of cover sheet of box beam) 

*bl» *hl» *c     oe8 "eure 5 

w       width of cut-out 

**       coefficient used In torsion-bending analysis (appendix A) 

-VV 
,ifcv.^ 

•:••*; H-.., 
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AßT 
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Ao 

Ali Agi 

X 

a 
1 

j 

K 

L 

M 

? 

B 

BW 

coordinates (see figs. 1 and 2) 

area of comer flange In oroae section of hox aa 
simplified for torol.on analyols 

cross-sectional area of actual corner flaues 

area of corner flange in cross section of "box as 
simplified for Blnor-l&e anelysis 

area of longitudinal in croeti-section of "deem aa 
simplifled for shear-lag analyBiB 

v• 5*ffT   9XG0P't at cut"out) 

total crose-sectional. aroa of all stringers on one 
cover of Viox 'beim, including effective vidthe of sheet 

Ap + Ax, 

area enclosed t>y crosB-nection of torsion eox 

eee f i(5ure 5 

Young'a modulus 

shear modulus 

moment of Inertia 

torsion constant 

torsion-Bonding parameter (equation (12)) or Bhoar-lag 
parameter (equation (£6)) 

length of 'box hesm (root to tip) 

tending moment 

force or load 

radius of curvature of elastic, line 

shear force in Bhear weh (equals external shear force 
minus vertical component of flange force) 

•^?Ut.: 

**(*!»',••• 

"*'•* .-,.. 
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T       torque 

J^       correction force In oorner flange at station n 

8       bending deflection of box beam calculated by elementary 

. theory I ^ deflection] 

8-1       additional bending deflection caused by shear lag In 

8g additional bending deflection caused by shear deformation 
of Bhear veb 

i) structural parameter defined by equation (11) 

0 direct stress 

T shear stress 

q> angle of twist of torsion box 

Subscripts: 

b pertaining to horizontal vail of box beam 

0 pertaining to net section alongside cut-out 

e effective 

h pertaining to vertical vail of box beam 

r root 

co cut-out, cut-out bay 

ct c«rry-tJirou£}i bay 

fb full bay 

L pertaining to longitudinals (stringers) 

8 substitute 

Sub-Bubscripts: 

B bottom 

F front 

I 

I 

«.W 

•V".-*-_jf.»»lu.^V.»- 

.»•' 

',J*0f:*i I 
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The tending deflection S is increased V the so-called shear 
deflection 6g arising front the shear strains in the vertical webs. 
The method of calculating this deflation Is veil known and requires 
no comments here. 

Advanced theories and their application to deflnctlon 
calculations«- The elementary theories of toraion nnd bonding ere 
based on assumptions which are usually violatod in actual wing 
structures. The olementury torttion theory is valid only for a 
shell of conotant section, subjected to a torquo at oech end in 
the form of a shear flow that iß distributed along the perimeter 
in accordance with the theory and that leaves the end sections free 
to warp out of their original rilones. An actual vJng has a variable 
section and is subjected to distributed torque loads; as a result, 
the tendency to warp differs from section to suction, and secondary 
stresses are set up by th« resulting interference effects. Similarly, 
the elementary bending theory is strictly valid only if the applied 
load is a pure bending moment. In actual wing structures, the 
bending momenta fire produced by transverse loads, and the shear 
strains in the covers produced by these loads violate tho assumption 
that plane cross sections remain plane. As in tho torsion case, 
interference effects between adjacent sections produce secondary 
stresses. 

I 

Stress theories that talro thsse interference effects into 
account are unavoidably more complox and lens general than the 
elementary stress theories. Thoy necessarily make use of simplifying 
and restrictive assumptions, particularly regarding the cross sections, 
in ordor to keep tho mathematical complexity within bounds. Tho 
effect of those assumptions on the accuracy of the calculations can 
be minimized (oxcopt, in the regions around largo cut-outs) by the 
following procedure: 

(l) The elementary streBsos are calculated for the actual 
cross soctiono. 

(8) The secondary stresses produced by the Interference effects 
are calculated using cross sections simplified as much as necessary 
or desirable. 

In conventional wing structures with reasonably uniform loading 
(constant sign of bonding or torsions! moment along span), adequate 
accuracy can often bo obtained oven when highly simplifled cross 
sections are used. This remark applies to stress calculations and 
oven mors forcefully to doflection calculations, because any 
stipulated accurucy of the deflections can V- achieved with a lover 
ordor of accuracy In the stresses. Although this fact is quite well 
known It will bo demonstrated lator by means of en example for tho 
torsion case as well ao for the bending case» 

•,..., •*»*• "v 

**"    >*•''.••• s ; *„".• 
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Advanced stress theories of torsion and bending In shells have 
teen developed by s number of authors, striking different compromises 
between accuracy, complexity, and generality. Hie stress theories 
selected In the preeont paper as basis for calculating the deflections 
are those of references 1 and 2. In references 3 and 4, these theories 
have been shown to be reasonably adequate for stress analysis, and 
consequently thoy are amply accurate far the deflection analysis of conventional structures. 

TORSION ANAZXSXS 

Discussion of fundamental cane.- The struoture that will be 
discussed as fundamental example le a box of doubly synaetrlcal 
rectangular cross section as shorn In figure 2 (a), with infinitely 
closely spaced rigid bulkheads, built-in rigidly at one end and 
subjected to a torque T at the free end. (See fig, 2(b) .} line 
cross section Is an Idealized one, that Is, the vails are assumed to carry only shear stresses. 

According to the olomentary theory, the shear stresses In this box would be 

'I, 
and 0 ^h% 

%,  - -T - 

*• «ngle of twist would be 

(3) 

(6) 

9.g 
»here (7) 

SbJä8 

(8) 

l«^t*H. 
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According to the theory of torsion tending (reference 1), the 
largest deviations from the elementary theory are found at tlie root 
because varping io prevented entirely at this station. The shear 
stresses at the root can ho written in the form 

nhere 

Tb -V -1) 

Th •V + n) 

h 
*h 

1 
>• i 

(9) 

(10) 

(11) 

I 

*b  *h 

The terms T^H (or T^TA represent correction torn» that must he 

added to the stresses i'i.for TQ) computed hy the elementary thoory 

In order to obtain the true etreesee. In wing boxes, h/t^ is 

usually much smaller than b/t^, and T| is consequently only little 
lesB than unity. The correction terms ere therefore nearly as large 
as the ntxoasos calculated by the elementary theory and are thus 
obviously important. 

The fundamental relations given In reference 1 permit the 
derivation of a differential equation for the anglo of twist, vhich 
appears as a function of the torsion-hendlng parameter 

JäL 

K*t) (12) 

Boxes approximating the proportions found In vings have a length I> 
such that it is permissible to set 

tenh KLS 1 

• "•"•äC*« 5fe''_'-;: : •»•" f.^'i-T* "•'•»•-* *r^i| 
Aw"frfäi"' ~             * •*   •' .    •-. 
»..'.»,. *,fc»T»l..aV<^iVw. ' •'»•").•* jM^& 

.-r**'«.;*^'"'--w*** srv .„ •   •  *«»V      , 
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For ouch proportions, the solution of the differential equation 
takes the for» 

(13) 

The angle of twiot is plotted in f igure 3, with rj taken as unity 
for simplicity. It la apparent that the correction to the elementary 
theory, In regions not close to the root, is approximately a constant. 

At the tip, with e"*** 0, 

*tip •M1-^) (1A) 

Tor conventional winge, KL is of the order of 10, and the correction 
tern that must he added to the tip twist calculated by the elementary 
theory would therefore amount to about 10 percent if the ving were 
of constant section and If the torque were applied at the tip. 
Actual wings are tapered and carry a distributed torque, hut these 
two deviations from tho simple caso tend to offoot each other in 
their influence on the twist curve; the calculation Just made may 
therefore serve as a rough indication of the order of magnitude of 
the twist correction. A stipulated maximum error of 2 percent In 
the tip twist - which is about the best that can be reasonably 
expected * can therefore be achieved with a permlsclble error of 
about 20 percent in the tvist correction. The use of highly 
simplified cross sections for the calculation of the tvist correction 
Is thus Justified in general. 

Simplification of cross sections.- The simplified cross section 
(flg. 2) corresponding to an actual cross section such as shown In 
figure 1 is obtained as follows: 

(l) The thicknesses of the top and bottom cover tj,  and tj, . 
respectively, are averaged by the formula 

4' *&*$> 

This method of averaging la indicated by the consideration that a 
unit length dz of the two covers of thickness t should absorb 

—<r 

.•-*.«*i  -*-.- -*l^r- 

-*:". ,•>•*•:-«'# •'•":.i'V- : -.--/               ••.   ..»*" ••-.•-> -;,#« 

^...i-r •.•*—^fc-SBSfi^r-.:   -V««.  '•^^iSvAit»*. 
ji-dM.+,.*..S*<*»Vv •v*»-*****^*:..,    • •   r1&  ••* 

»;;•   •       .-«^*rt-TO.'^»*.'f •*H^*4.";i?-J": ',•      • 
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the aarnn amount of Interned work as a unit length of the tvo actual 
covers vith the thictaeseen   %     and   tv ,   respectively, or 

a2 q2 q2 
Z*rb flat - 5—T> te + 2—» dx 

In the same manner, average volume of   t^,   h,   Agij,   and   AQ.   are 
obtains!. 

(2) The cros^-sectional eron   A   of the idealized corner flange 
1B obtained hy the formula 

A - AJJT + f jhtj, + fsA^j (15) 

On the haslB of the usual assumption that tho chordwlse distribution 
of the hendin«; (normal) stresses duo to torsion 1B linear, 

h * % - 8 

Shear-lag effects produce deviations from the linear Btress distri- 
butions and reduce the factors holov the value of one-sixth.   The 
theory of these offsets lo Inadequate at present, and experimental 
data arc scarce.   In particular, little information exists on the 
effects of taper, which appear to he powerful.   On the hasis of such 
experimental data as exist, it is tentatively suggested that the 
following values he used: 

f-, - 

fg i 0.066 * 0.01 X 2a     (2a < 10°)     r- 

fP - 0.166 (2a > 10°) ,) 

(X5«0 

vhero 2a Is tho total taper anglo of the cover in degrees. 
Formulas (15a) era prohahly ali»ayB sufficiently accurate for defor- 
mation analysis., hut may he.inadequate sometimes for stress analysis. 

-W. 
"•5S*.iT'Wll-*'i*fc*. 

''•T-*tet&;'.- %  ••••••>• 

• >.LV,     ...V ,.,•„ 
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Calculation of twist correction.- After slmplif lcatlon of the 
crosB sections, tho torsion hox appears In the form shown In 
figure Ma). Within each bay, the cross section is aeeumed to he 
constant, and tho torquos are assumed to he applied at the hulVc- 
hoads. ^Ihe hulkheads considered are those that have an effective 
shear stiffness G0t of the sane order of magnitude as that of 
the cover ohsot. 

Each cell of the hox Is subjected to a known torqua and to 
constralnir.g forces BrlBlng Trom tiio tvo adjacent cells. The con- 
straining forceB form ceH-oquili'brated groups of four forces X 
(fig. 'i(o)). The magnitudes of tho X-forces at the (huUshead) 
stations are calculated from a act of equatiano as explained In 
reference 1 said sunmarlzcd for lonvonlenco In appendix A. 

Cell n ID subjected to the action of group X^.^ at the 
outboard end and group XR at the Inboard end. By the method of 
Internal work, It can readily ho shown (reference 5) that these 
tvo groups of forces tvist the outboard hulihead r.-l with 
respect to the Inboard huUshead n tlirough an angle 

^ •-B&& * $fc " *->) (16) 

The quantity   &pa   Is the twist correction for cell   n;   it Is 
negative, that is, it reduceB the tvrlet calculated hy the olementery 
theory, when   Xn> XQ.^,   which is the normal case.   The final angle 
of tvlst of hulidvaad   n   vith rosrcect to tho root hulfchead   r   is 

*n 
neSfl 

dtp *Pn (17) 
Or n«r 

In a wing having no cut-outs and carrying no large concentrated 
torques, the only X-Group of appreciable magnitude appears at the 
root station. If all other groups are assumed to he zero, the 
system of equations for determining them (appendix A) degenerates 
Into the single equation 

(Iß) 



12 

0Und> «d the twl0. 

w we root 

"** » *o    l3fil 

^ 

'i 

«euro 5/a)
ea Jf «t lP6at I

00,   "»»* "  can? only „ out b«W 

^ By ^ „ öieSO *«-.'' tt° «*»*{ &*£- «n^en 

«wdm*• • e*"ele .try "<^eti^,'Se««unD««.-    .. 

feo) 
w «Jooe bays h. 

fai) 



HACA OTT Ho.  13Ö. 13 

irtiore the subscript   fb   denotes full hay.   It should he noted that 
the correction is positive, that ic, the tvist of a full hay io 
increaBe'l hy an adjacent cub-out hey. 

The relative twict hetween the end hulWieada of the cut-oivt hay 
can he written in the sane form ac that for full hoys 

<P..n * «•, CO 
(M) 

I 

where the subscripts   co   denote cut-out "boy.   The   elementary 
tvist   q,.0   ia the twist thet reaultu frcm th<; doforraationn of the 
monbero of the cut-out "bey irticn the ond hu31iK«d^ are prevented from 
wrwping out 0* thoir pleres; the vails then act ?e heamu restrained 
tj end moments in euch a manner that the tcÄg.intB to the olaotic carvo 
at the two ends of ench haeu ^umain perallol,   Tho tviat correction   öpc 

is the tvist that would result if the» aemhera of the cut-out hay were 
ri(;ld end the tjnfl. hulkheadu wore 'larpcd out of thoir plawu, the 
amount of wnrpiB3 t^in^j determined by tho torque   T   and the X-group 
acting hetimen the eut-011 hoy and tho r.ä,1oeent full hsy. 

Application of the raetl.o'1 of internal work to the stresses 
given in reJ'orimci. 6 yicldc for the elomentary twist 

I   >< T ,3(1 1 *)c 

V: Gtblh 

l|.Jjf-   d. 
+ =r—r + 

«hi* 

(1 - kr*d 
Gt he 

SEA^c2 ^Aghhi'1-     c^     k>.!    +       3EA3hh j (23) 

For n full-width cut-out,   k « 1,   nnd all the forms containine 
(l - k)    disappear. 

Fron the ceoraetry of the structure, the twist correction for 
one-half of the cut-out hay (frora the midpoint to a hulkhead) is 

!*,00.^(VT + **) 
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which may 'bei written 

2A(Pco 
1 A»' 

2 ^oo 

By Maxwell's reciprocal theorem, or hy direct comparison of the 
formulas, and hy use of formula (A3) of appendix A, It can VJ 
seen that 

I A9co &PfD 

By definition 

v* «•- jK 

1 
VI" 

•where j) In the cooffleiont givon by formula (Al) of appondix A, 
and X   JB Rivfln hy ^omula (3c). The twlot correction for the 
entire length of the cut-out bay can therefore T)a «ritten in tho 
form 

*tn 
?%b + ä*X (2U) 

In order to be consistent with all assumptions made, tho torque 
uoed in evaluating formulas (Ü2) to (2H) should he tho torque acting 
In the out-out lay. The valuen of T for the two adjacent full 
hayo, howler, Ehould bo calculated for the torques actually acting 
in these bays. 

When the cut-nut ia small, no closing bulKheade are provided 
in general. In thin caoo, tho changes in stress diatributlon will 
bo conf liv.-d to tin cover aroa surrounding the cut-out (fiß. 6). 
For purposes of cilculating deiln'jtlona, the atrJGs distribution 
may bo approximated by aaeumlnR thet tho shear flow Jn the regions 
with double cross-hatching io equal to ?.ero, while the shear flow 
In cross-hatched r^ctens is twice -üie shear flow that would exlat 
If there voro no cut-out. The angle of twist between the end 
stations B can then bo calculated by oquatinp tho external worlc 
done by the applied torque to the Internal vorfc. The following 
equivalent procedure ia convenient for practical application. 
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wmmi «t»xYri3 

Discussion of fund-mental cico.- When a vlng section such as 
that. shown in figure 1 is subjected tc vertical loads producing 
bonding, shyer stresses will, ariao in the cover sheets. The 
elementary bending theory neglects the strains produced by those 
shear stressos; the so-called sheer-lag theories are refined 
theories of sending in vhieh the effects of theso strains are taken 
into account. Uta enginooi-inc theory of shear lag developed in 
referenco h  is bas^d on th~ use of riimplif led croc3 sections such 
as that shown in figure 7« A bean with such a cross section nay 
be used, therefore, as example to illustrate the relative importance 
of shear-lag offsets on stresses and on di.flections. In order to 
keep the formulas as sinplo as possible, the discussion vill be 
confined to a cantilever treom of constant section, fixed to a rigid 
abutment ani subjected, to a vortical lend P at the tip of each 
shear veb. 

Reference 7 Phows that the analytical solution of the stress 
problem for such a boem is characterized by the shear-lag parameter 

fit. 
Eb, M (26) 

n vhlch plays a similar role in +he advanced bending theory as tho 
torsion-bending parameter Yi   Given by expression (12) in the 
advanced torsion theory. Thi  analytical formulae for the stresses 
in the flange, in tho central stringer, and J11 the cover sheet are, 
respectively, 

Op .•»(l 
AL Binh Kx i; 

x cosh KL; AjJC; (?7) 

?!i __sinh.&Lj 
Kx cosh KLI 

' /1 . cpsh.Ky \ 
T  eoch KL / (29) 
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with 

0 " I  hAj. 

It htAj, 

17 

(30) 

(3D 

where t Iß the thickness of tha cover sheet and Aj - Ap + A^. 

For conventional wing etnicturen tarih ffi* 1 and with this 
simplification the stresses at tho root of tho boam can be written 
In the form 

(32) 

(33) 

T = 0 

The deflection at the tip can bo calculated!, from the work 
equation 

r,L«„2 llL „,2 AL 

'« 2E "b "" ' Jo 20" 
(3«») 

i.'o 

If <x_ as well an a,, ere assumed to have the vnlue given 

by the elemuntary theory, and tho modulus G is assumed to be 
Infinite, cunsisttait with tho bas.1c csoumptlon of the elementary 
theory thet plane eectionn ramr.in plane, the integration of 
equation (3U) yields the familiar formula 

% . Eg , J3£ 
3Kt 3EJ.sAj, 

(35) 

— : !       vj •4ft"l''*W.'" .i   ' "       i 

•• •>.-t**^ • ••••/•'# : .4*w*<* • 

, ..**«*•.,,• •*;- v 



BACATS«0- «6l 

T<\ LB v„ formula0 v-f'» 

- r '• 

I* * ..i 

(36) 

% 

Aefloctien contain w   . 
d , »  eon*»1* on"y        A. than V« 
corro0Ucn8 to «P     _       ^er order   £ accyrate 

-— C-^4 5SSSTÄS S5-for B 

analy^10' .    »orro'beT«*aft-w ^1-, valve   0,   T 

„„a    <JT    
8TJ . ,., „ mvlvl'W   "  .   .,„ „...cfjkinS "'  . .„tion 

I 

ireBi< »—- foil«"*1-"'*.      T 
i*1^10' ^, rorroV.r"^-W *eJ, valvo   0,   T 

I.- 

W1B .  WKOn u  lB ossumct. ^_ ^consistent. 

eXcmontary        ^^ (el tfwW* Gl,^rAar? 

of equation IS») *l , V-   \ <3T 

•ptJ 1 ,3 I       J!i~\ 

, _ (,6) only W a 

ere those ox tiw atoar otiain ere those ox tiw atoar otiain 

W»tott" )flK0W«^,   «•   lDOf tlv aofl^ction 
?or optional «6 •« ^ eleaentary tip 6. 

£ . ,     *e **r-• -«**• ,orMula (36).   *or a 

13 Ä very nearly 3 
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uniformly distributed, load, the correction would, toe twice ae large, 
or 6 percent. If Ay > Ar, (heavy spar caps, lieht stringers), the 

correction is email sni may lie practically negligible; however, if 
the apar caps are light 

practical importance. 

[Ag < J*L),    the correction In of some 

Simplification of croBO sections.- In wing structures, Bhear-lag 
action is ap-oreclcblo only for vertical loads; consequently, the 
discussion will toe confined to vertical loads. 

According to tho sheer-lag theory given ^ references 2  and k, 
the cross sections are simplified to tho form indicated in figure 7« 
Only one cover in analyzed at a time; this Tact is indicated 
symbolically in figuro 7 by Quitting the cover not toeing analyzed 
at the time (lower cover) • Bio cross-sectional areas Ay and A^ In 

figure 7 we defined toy 
I 

/y - Aw + kti, 

*L " 2*6? 

She width tog Is takun as one-fourth of the actual width to between 

spars. (Note that In references 2, k,  and 7, the symbol to denoted 
the half-Trldth tootween spars.) Thu cross section is node symmetrical 
about tho vertical centerllne toy using average values of h and Ap > 

out cv 
Itae toox is divided into toaya numbered as chowi in figure U(a). 
Within each tony, the cross section is assumed, to toe constant, and 
the loads sre esnuaod to too applie-l at the stations dividing the bays. 
Uie bulkheads play no role in tlie shear-lag problem, and the toays 
nay therefore toe chosen in any convenient manner; it is usually 
advantageous to uea chort toaye in tho regions near tlie root and near 
large discontinuities of loading or crosn section, and long bays In 
the remaining part of the toox. On account of synmutry, only h&lf- 
eections are connidsred as indicate toy the full lines in figure 7. 

As a result of interaction toetweon bays, self-equilibrated 
groups of X-forces appear (fig. 8). The method of calculating 
these forces Is similar to that shovn in appendix A for the torsion» 
bending forces and Is summarized in reference 2. 

... „j..; 

••"** >r. 'IK",- 
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•Dt» T-torcoB applied to the corner flanges cause stresses 

(38) 

vhlch conctltute the shear-lag atreBO corrections to the elementary 
Btreeoea.   At any given station, the ctreBB   tufy   caueon a curvature 
of the elastic line 

•A.23L 
Bn       Eh (39) 

vhlch mist be added to the curvature l/R^ caused by the elementary 

stresses Ti that 1B given by formula. CO • 

One possible procedure for doflnctlon analysis is, therefore, 

to plot the opanviso curves of 
22 
Eh for the upper and the lover 

cover, add these tvo curves to th^ M/EI curve, and integrate in 
the familiar manner to obtain tho total doflections (0 + 6^). In 

^L for practice, it may tic prof arable to plot only the sum of  _. 
the upper and, lover cover and to Integrate the reoultnnt curve in 
order to obtain separately the excess deflection &-,_ caused by 
«hear lap,; these deflections can then be added to those calculated 
by the elemintnry theory. As previously Mentioned, the deflections Bg 
caused by shear strain of the vote can be calculated independently and 
added as additional correct!cne vnen necessary. 

In shell lrlnes having no larp,e discontinuities of cross section 
or loading, the ohcar-lag effect Is concentrated in the region of the 
root and depends chiefly on the characteristics of the cross section 
and the loading in the root bay. Simple approximations con then be 
used for the stress corrections in the root region, end the corre- 
sponding formulas for the deflection corrections may be used for the 
purpose of malting a quick estimate. In conventional vlng structures, 
the estimate will generally Bhov the deflection corrections to be so 
small that a more elaborate calculation is not warranted. 

A cross section at x • §• from the root may be considered as 
representative of the root region, and the shear-lag parameter K is 
computed, for this section by formula (86)« If KL> 6, a condition 

'«W^fffc,,,, 
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which will be fulfilled In practically all conventional wings, and 
if th« loading ia reasonably uniform, tils stress correction can bo 
written in tlie form 

*** hA^KU + Kdj (40) 

whora   d   io t.'ie half-length of the corry-throvgh bay and all 
quantities appearing In the fraction (except   x) «re measured at the 
representative" station.   The factor   3~^x   gives the decrease 

of the correction with Increasing <lijtai;ce from the root   (x = 0); 
vithin the enrrythrough bay, tho correction may be assumed to have a 
co-iefc'nt value tqual to the root vr.lue.   A;mli'.'ation of tamuln (39) 
and approximate integration consistent with tho ovdei* of accuracy of 
formula (to) givoa the deilection correct!•» 'or the tip of the beam 

ty^r/i » Kd - ±) 

h^A^y^U + Kl) 
(kl) 

n 
Because the correction IG snail, It will be sufficiently 

accurate to aseirrae that It decrear-ea linearly to zero at the station 
lying at a distanc- 1/K from the root. It should be noted that 
formula (kl)  glv?s the correction caused by shear-l.'ify action only 
for one ^ovor of the bor. Also, A_, K,    and so forth, characterize 

the hoIf-section: therefor-?, Cy must be taken as the nheur force 
In on» wob. 

If the stringers do not "carry through at thn root, the root 
section must be considered as a full-width cut-out, and the method 
daocribod in the nnxt section is applicable. 

Calculation of deflect-'ona for wlnqa vl.th cut-outs.- The stress 
in o strlrgor Intorruttor: b." a cut-out dro>M to nearly zero at the 
od/?e of the cut-out (fig. 9) unions the cut-out is very mall an<-l 
extremely heavily reinforced. It is coramou practice to compute the 
stringer stresses nesr a cut-out by applying the ordinary bending 
theory to the cross section of the box after multiplying the croae- 
eectlonal areas of tho stringers by an effectiveness factor. The 
procedure ia simple and le well adapted to computing effective 
moments of inertia that an adequate in meat casos for a deflection 
analysis by ths standard procedure of Integrating the M/BI curve. 
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The most severe typo of cut-out is the full-width out-out at 
tho root of the wing, which la frequently encountered in practice 
in the form of a zero-longth cut-out (stringers broken at tho root 
Joint) or in tho form of o finite-length cut-out (vheol voll or goa 
tank bay). Figure 10(a) shove a frea-body diagram of thu section 
of the cover between tho outboard edge of the cut-out and a 
section A-A some distance farther out. Shcar-la<$ calculations 
on typical wrings show that the stringer ctresscs at the section A-A 
are reasonably close to thono given by the olc-wentery theory vhen 
the distance between the section A-A and the root is a rather Email 
fraction of tho eemisjian. Undor these circumstances, the problem 
can be simplified by removing the edge shears and increasing the 
total forco M/h at tho section A-A to equal the force M/h at 
the root. The bean problem is thus reduced to the» -oroblem of the 
exiully leaded penol (fig. 10(b)). 

By definition, if the offoctivo stringer nreo A^  were 

attached directly to the ever catu, the stress in the flange would 
be the same as in the actual atructurn. The enuation defining Aj,e 
la therefore 

1 
V »' 

n cr 

°FH.e - «I/L 

aT, 

H, °F 
(1*3) 

By tho Ehcar-la/r theory of reference h,  the valuer of op and OT 

are computed for a substitute panel as shown in figure 11 (with be- »p) • 

The formulas for ouch a panel are given in roferenco 7. Because tho 
panel is aosumed to bo long aaough to have a reasonably vniform chord- 
wise distribution of stress at station A-A (fifi. 10(b)), or <Tp a o^ 
at the corresponding station A-A of the substitute panel (fig. 11), 
the formulas ma;* be simplified by assuming that the pcnol is very 
lone. Tho formula for the stringer nff^ctiveness thon becomes 

•V, sir 

-Kx 

1 + X-» 
(43) 

vhcro K is tho ehear-lag parameter defined by expression (26). 
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me effectiveness factor is plotted in figure 12 against the 
parameter 

3E. (Ei_   O/E 
b \j2Ar, 0.375 w bt  0/S J»ST 0.375 

In euch a plot, the effectiveness factor depends only on the 
ratio AF/AL, and inspection of the figure rhoirs that variation of 
this ratio changes the effectiveness appreciably only «hen Ap/Aj, 
drops well below unity. This circumstance is fortunate, bocauso it 
Indicates that only small errors will result if the factor is 
applied to panels in which Aj, varies rapidly or is not accurately 
known. The first contingency arioos in practlco in tho structure 
under consideration here. TIIP sectaid contingency arises in the 
analysis of partial-width cut-outs, which will be discussed later. 

At the end vhero tho load Is applied the edgg member must carry 
the entire load. With Increasing distance from the end, however, the 
load carried by tho edge member decreases rapidly because tho stringers 
take their share of the load. An edge member of constant section 
would therefore be inefficient, and in practice the momber is 
strongly tapered. For the ideally tapered member (oy • constant), 
the ratio AT /A^ is identicsl vith that shown in figure 12 

for Ay/A-—•> as. In en actual structure, tho toper would probably be 

only an approximation to tho ideal taper, but because the stringer 
effectiveness Is evidently very insensitive to chances in tho 
ratio Ap//^, the curve of AL /\   for t^/k^-^m  given in figure 12 
Is recommended for general use. 
derived is 

The formula from which the curve is 

Ä.1-.-** 

where 

K-Vife JjSLL. (Itfa) 

If a out-out is nearly full width, it is obviously permissible 
to consider all material that is continuous over the net section as 
being part of tho corner flange> that is, shear-lag effects within 
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this region are noglected. Formula (1+3) can therefore be applied 
with the underotanding that /j. means tht; crosa-Boctlonal area of 

all material not intRrrupted by the cut-out (upper port of fig. 13), 
A^ means the eross-eeotional area of the material interrupted by 

the cut-out, and the substitute width bg used to calculate E by 

formula (96) is telcen as w/l*. Alternatively, formula C+3a) may he 
used to eliminate any consideration of (ft    The effective area Ai,e 
la oEsumed to be attached to the coaming stringer bordering the 
cut-out (lower port of fig. 13) for the purpose of computing the 
effective moment of inertia. As the out-out becomos smaller and the 
net section wider, the assumption that shear lag in the continuous 
material mry he neglected beionvja raore questionable. However, 
experimental results on a::ially loaded panels have shown (reference 8) 
that this assumption 'gives tolorablo accuracy, oven for stress 
analysis, except in very small cut-outs; it should, therefore, be 
adequate for deflection an&lycio in all ceoe:-., because the effect 
of a very small cut-out on the deflections is nogllgible. 

A theoretical difficulty arieoo when the cut-out is so close 
to the root that there is appreciable Interference between the stress 
disturbance produced by the cut-out and the disturbance caused by the 
root. This condition may be said to exist when the distance x 
between the root and the inboard edge of the out-out is such 
that Kx < O.k,    where K in the shear-lag parameter defined by 
formula (2t) for a section halfway between the root and the edge of 
the cut-out. For such cases, the following approximate procedure 
to suggested: 

(1) Make allowance for the effect of the out-out by 
determining the effective area A^  of the cut stringers as 

described in the preceding paragraph. 

(2) If the stringers ar« continuous over the root Joint, 
calculate the deflection correction for root effect on the 
assumption that no cut-out exists by one of the methods given for 
wings without cut-outs. In view of thp uncertainty produced by 
the interference between cut-out effect and. root, effect, an 
estimate by moans of formula (kl)  should be adequate. Multiply 

this deflection correction by the factor (l " ?) to obtain 

the final correction. 

If the stringers are broken at the root Joint, apply the 
method given for a full-width cut-out to the subetituto structure 
shown in the lower part of figure 13• This structure consists 

1 
I I 
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mmrzx A 

üunraary of General Procedure for Toraion-Bendinß 

Analysis of Wing 

PS 

The trfnjj in divided into bny3 l)y the main tull'hoads, a main 
bvllrhnad  i.< inr rci'ii'1  ••.•; nil* --;hi •'   hn;   .". nhcov EitiPfnocc    Gt    nf 
the caino ordai- of magnitude as the top or bottom cover.    The torque 
ic asBimied to be appiii-.d at the bulkheads.    The lays are numbered 
ns shovn in figure U(a). 

Compute for each boy the coefficients 

^n " 3U + Soä Qa[ty, '  tjj 

qn - -%k + Scs(^;+ %} 

T   /b       h \ 
"n " flGbh^bi, " tj,J 

(Ai) 

(AS) 

(A3) 

In thece uxpressionp, a i3 the length of bay n, T is the 
(accumulated) torque in the bay, and the reimlning dimensional 
terns nro defined by fi/juro 2. 

The flange forc<?3   X    (fig« **•(*)) produced by the interaction 
between adjacent bays orn calculated from tim act of equations 

T T 
(pi + Pe)x^   +    q^Xa    • •   vi + vg 

q2\    "     (Pa + P3)Xg    +      03X3      = -    ^ + "3 

InVl "  (»n + Ph+l)xn + «Jn+Ä+l vi + v. 
(AU) 

rn+l 

«A-l " K + CT** f,ot" r 

I 

The positive directions of T and X are dofined by the errora 
in figure i*(b). 

\ 
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APPEFDI7 3 

Determination of Conatam; ".: for Tornion Box with Cut-Out 

\ 

The constant k appearing in equations (20) to (22), which 
detcrmlres the division of the torque between the vertical rails 
ar.d the horizontal rails, is üjettirainqd hy the for.irula 

10 
"7*0  ' 

where 

y m 

c? 

*];] 

Tt.l 

c3 - irQ 

D2 

°l' • ° 

Cg'  - Co 

Cj' = c3 

at h2 

d\2 c* = it(-0 06* • |C6 

c7 ° 5JT AJC2 

Ca 3E ügV 

c9 
lfo d" 
3E   Ä3 

C10 
3gS ad 

" 3E    A]j 

Crt *    C»T 

V-^rrs? 2c 

CQ     •  Co 

Cic' - i°io 

(A5) 

The dimensione appearing in theso expressions ere 
defined in figure 5-   When the net section is very narrow, the 

I 
t » 
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2ft 

1 

„   ro     c,'   •*&   CC«   are replace* for greater 
tM"8   ** "ttion TV the £- •renienee of oontputation TV w 

con" 

r   gb2d2 

g7a "   3EI 
V " C7* 

r-8B " 3E^\   c  / 

tiie cut-out T>ay. 

«rJ 
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AP7XNDXX C 

numerical Exampl.ee 

<RM numerical examples i.ill bo base! on the box ahovn In 
figure Xh. In tho calculations, 0/E vill be taken es 0.3&5 
and 0 vill 'bo taken aa k x 10& pal. 

torque 
the box 

Example 1.- The tox Is loaded with a uniformly distributed 
of Ü00   " - - -    -  - • 30 poun'J-inchoa per Inch. Find the angle of twist of 

übe dintributed torque loading is replaced by a Serien of 
concentrated torques, applied at the bul!:heado and of euch magnitude 
that the torque In each hoy is equal to that produced in the middle 
of tho hay by the distributed loading. Die eltanontory twiet qp ie 
computed by iieens of formulae (7) and (8) end Ira plotted in figure 1?. 

;» 

By forauliB (15) and (15a) 

A -2.^68 + I x 10 x 0.080 + o.o66Yo.oUo + 2^)60 • 2.908 sq in. 

nexv,  iaie cwiiicien^B    p,     q,     ana    vr-     wa carapvbca oy 
formulae (Al), (A2), and (A3), respectively. In order to simplify 
the numberB, all coefficiente are multiplied by G. Because 
(TJ^.1 - Tn) ia Ronatunt, only the difference (v^+1 - w^j need he 

r 
computed in addition to the last coefficient 

•••a-j,~  
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h. 

T        T 

0.385 x Co .      l    I   6o io \ _ 2 o6l fix a.Soft      BT^öliHöSö + öTö&ö) = 2'0ta 

- 6375 '»oq x 60  I. 60   .     10 \ 
8 x.60 x 10W.0U9    Ö.060J 

\t3 

25 x 0 .;35 
e.o?5 3.310 

Substitution of the foregoing terms Into (AU) yields the 
following Bet of eguationa 

- 12.066X! + S.C6lX2 =-. 6B73 
2.0GIX1 - 12.066X2 + 2.06lX3 - 6875 
2.061x2 - i2.o66x3 + p.oöixi,, = 6875 
2.061x3 - 12.066x1^ + 2.061X5 - 6G75 

2.061x1; - 9-3^3X5      •= -30,937 

The solution of those equations Is 

X] = -709 pounds 

Xg = -8l6 

X3 - -732 

XU - -13U 
X5 - 3PR2 
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By formula (16) 

 1  / 60 
*Pl " *2x 60 x lOxUx io5l°-olw 

5^0) (-709 - 0) - 203 X10"6 radians 

Apg » 31 x 10 

ÖP3 -au x 10 ° 

-171 x 10' 

ap5 - -979 x io"
b 

These corrections are aided to the elementary twist q> to obtain 
the twist q> ohovn in figure 15. 

Tlxanple 2 •- The box is loaded as In example 1. Find the angle 
of twist of the box considering all twist corrections negligible 
except thoca for the root hay. 

By solving equation (18) 

h'Z^hz*^*•** 

1 

ap5 
2 X 60 X 10 X H X 101 

,  60 . . JÖ-) 
0.080/ 3311 « -9

!t8 x lo"D radians 

Bie twist q> computed by adding this correction to the elementary 
twist <p 1B also Bho-.Jn In figure 15« 

Example ?.- The box Van a full.-width ent-out in ths top cover 
of bay 3. It is loaded as in »raraple 1. Find tho finglo of twist 
of the box considering all tvist corrections to be nojtllplUe 
except those for the root bay, tho cut-out bay, and the bay on 
either side of the cut-out bey. 

The torque-division factor, which must normally be computed by 
means of formula (A5), Is lc » 1 for a full-width cut-out. 
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With the definitions of figure 5(b) 

A3 = 2.908 139 in. (from example 1) 

AQ • 2.H68 + I x 10 x 0.08O = 2.601 sq in. 

By formula (?.l) 

_        60 »•000 x 30 (_J0 J£-W - l) - 859 X 10"6 radians 
,, 102 x ij x 106\0.0»40     0.08ojx ' 

By formulas (SU) and. (20) and by taking tho value of   p   free» 
example 1 

« « -6       3 x 30       6.033_     60.000 x TO 
ÄP3 - A?co - a x 859 xioS ^-*^x _^x -tö-xio 

= 3527 x 10"$ radians 

From example 2 

&<p   = -9U0 x 10" ' radians 

By formula (2?), taking   l/G   outsido the bracket. 

V3 
60.000 

60 x 10 x k x 10°V \o .080 
^0       .       O.TS'J X 30^ X 22 

Xbö       3 X 2.601 X 6) X  10 

+ 3 x'lgc* x 8of 10) - «* x ^ *-*~ 

Ihe twist of the box obtained by adding the elementary twists and tile 
corrections is uhovn in fleuro 16.   :For corrparißon, the twist of the 
box without cut-out (exaaple 2)  is nlso shown. 

~\~. 

'to*.:,'.     .,  . 
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gjBäJEiäJt'" 5*c *MB of t\fyra lh Is loaded by a distributed 
vertical load of v « 50 pounds psr Inch applied along the elastic 
axis.   Calculate the tip rieflection Including ohear-lag correction. 

The simplified cross section Is defined by 

Ap = S.l|^8 + ^ X 10 x O.O80 • 2.601 sg In. 

'•*& " p^00 * 0•ol,0 + ** x °'15^ " 2*25 ag **• 

Ap •< it .851 ng In. 

By formula (26) 

r       )o.365yO.0itO/.   1       ,   .. 1,,'i]1^      „ «oo,, 

Kt =• 0.02917 X 300 «• fl.751 

Kd - 0.02917 x 2;i = o.7?9 

By elementary theory 

2*    äli . vül,3     jjäj3/T.       I 
6 " 8M + SST - ggf If + d/ 

• (%r + 25) -13.38 in. : £42.55',*    / 

The shear forco In one web tt the dletanco h/2 fron the root Is 

£y » 2 X 50 x 270 - 6750 pounds 

• » 

^^W*«i*V"-jjrt^ «fv, 
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By formula (Ul), taking Into account hoth covers 

6    _ -[* 67-50 X 2.2S X ^00(1 + 0.0729 - O.lllH) 1 
100 x 10.U X ID6 X U.85I X 2.601 x 0.000651(1 + 0.729)1 

= 0.762 in. 

or 5.7 percent of 6. A more accurate calculation of o^ would te 
pointless because the gain In accuracy would be less than the 

probable accuracy of 8. 

1 

•\ 
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to) Convents   for numbenna   stations   and   bays. 

•SHW55- 

(.b)  Convention  for   positive   forces    acting   on   a   bay. 

Figure  4.-Convention   for   ygns   an^ 
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(a)  General   assembly. 

^3 

(b)   Exploded   view   of    half- structure. 

Figure 5.- Three-bay   structure   with   nut-cut   bay. 
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a.p,m   with   smoll   cut-out. 
Figure   6.-oay 
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, igure  7. - Gross   section   of 
box idealized  for  shear- 
ing   calculation. 

Fiaure  8.-FK*«   X-groups 
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Figure   13.- Cut-out   in   cover   of   box  beam. 
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Figure ,4, Cross «fan of   box beam 
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